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Abstract: In the last years, the diffusion of lean thinking had a big impact, not only in manufacturing, but in 
logistics too. Because of one-piece-flow production and the point of view on inventory that considers it as 
inefficiency, purchasing and shipping batches have become smaller and more varied, requiring to the suppliers 
more shipments per day, a shorter throughput time, and, in general, higher performances. To improve retrieving 
performance in automated warehouses, many routing and scheduling procedures are presented in literature, 
although retrieving can be speeded up starting from the input phase using a correct allocation policy. In this 
paper, we present a procedure inspired by Genetic Algorithm (GA) for allocation of items inside unit loads. 
The procedure considers two aspects that are hardly studied in literature, such as unit load weight balancing 
and market basket analysis aimed at closed allocation of items that are usually jointly retrieved. The first one is 
a physical necessity, especially required in the steel sector, where objects stocked are heavy. The second one 
improves the retrieving performance and it increases the possibility to satisfy more order lines with fewer 
travels. The algorithm proposed was tested using the digital twin of an existing warehouse and comparing the 
results with the current performances of the real system. 
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1.Introduction 

In the literature concerning automated warehouses, the 
location assignment has always been one of the most 
discussed topics (Jan and Vis, 2009). A correct location 
assignment policy allows to speed up the operations, both 
in phase of deposit and retrieving (Manzini et al., 2015). As 
far as the storage phase is concerned, the location 
assignment is often aimed at achieving one of these 
objectives: (i) optimization of warehouse saturation, (ii) 
maximization of number of dual command cycles, (iii) 
reduction of storage time, (iv) reduction of retrieval time. 
The location assignment policies are often class-based 
(Gagliardi, Renaud and Ruiz, 2012; Gracia, Andrés and 
Gracia, 2013; Javadi, 2018). This means they analyse 
historical demand to split managed codes in classes (Chou, 
Chen and Chen, 2012). The aim is to place the most 
frequently requested codes close to the input/output 
points (I/O points) of the warehouse. Authors such as 
Yuan et al. (Yuan, Graves and Cezik, 2019) show that class-
based policies which ensure better results, usually operate 
with three classes. Other two decisional problems, usually 
considered together with assignment, are request 
scheduling and items allocation. The first consists in 
reasonably arranging load and unload operations in order 
to improve the system performance (Wang et al., 2007). 
The complexity of this problem is especially well known 
in systems where there is no bottleneck or where the 
bottleneck is shifting. An innovative and recent approach 
for scheduling is proposed by Foumani et al. (2018), while 
for a general overview of survey solutions we recommend 
Jan and Vis (2009). Instead, allocation often concerns the 
positioning of items inside unit loads and is associated to 

problems known as Bin Packing Problem (BPP) or 
Nesting Problem (NP). Recent solutions to approach BPP 
and NP for allocation of items inside containers are 
proposed by Paquay, Limbourg and Schyns (2018) and 
Paquay et al. (2017). A correct allocation has great 
importance in automated warehouses where routing 
decisions are limited, and the route taken by the crane 
cannot be optimized beyond a certain threshold (Atmaca 
and Ozturk, 2013). This category includes all the 
Automated Storage and Retrieval Systems (AS/RSs) 
consisting of a single corridor, in which only one crane 
moves, and the Vertical Lift Modules (VLMs) (Bertolini, 
Neroni and Romagnoli, 2018). The latter are warehouses, 
consisting of two vertically arranged storage areas divided 
by a single aisle where a delivery lift move. The simplicity 
of these warehouses limits the effectiveness of routing and 
control policies, making location assignment and 
allocation of items into the unit loads essential to improve 
performances. Concerning these decisional problems, in 
literature few authors take into consideration the 
correlation between objects and the advantages allowed by 
close allocating two objects which are often ordered 
together (Erkip, Hausman and Nahmias, 1990; Manzini, 
2006; Xiao and Zheng, 2008; Zhang, Wang and Pan, 
2019). Because of this, the objective of this paper is to 
extend research in this area, dealing with aspects rarely 
considered before. The reminder of this paper is the 
following: the problem approached and how solution has 
been formalized are described in Section 2, in Section 3 
the algorithm developed to solve the problem is described 
and in Section 4 the results of proposed model in a specific 
case of study are reported. Conclusions and insights are 
reported in the Section 5. 
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2.Problem description and model formalization 

The algorithm proposed in this paper tries to optimize the 
allocation of goods inside a VLM. The final solution, 
respecting the weight capacity of the unit loads, must 
guarantee that (i) unit loads are balanced in terms of weight 
and (ii) the codes frequently requested together are placed 
in the same unit load. The first is a mechanical requirement 
that increases safety and reduces machines’ wear, while the 
latter reduces the average number of retrieves required to 
fulfil a picking order. As usually happens in vertical lift 
modules used for small components storing or cutting 
areas serving, each unit load is divided into a fixed number 
of compartments. Inside each compartment, just one code 
is stored, and goods are usually contained in boxes whose 
size coincides with that of the compartment. In order to 
avoid misunderstandings due to nomenclature, elements 
mentioned above are better described. A unit load is the 
single element stored into the warehouse and transported 
by the lift. It usually is a long rectangular metallic tray or 
bin. Each unit load can be split by metallic separators in 
compartments. Each compartment can be filled with one 
and just one box (i.e. paper box), which contains more 
items characterised by common code. In Fig.1 a 
conceptual representation of mentioned elements is 
represented. 

 

Figure 1: Conceptual hierarchical representation of unit 
loads and their components. 

After defining (i) a list of single-code boxes to be placed 
inside the warehouse, (ii) the current state of the 
warehouse (a list of previously filled compartments), and 
(iii) the historical demand from which the correlation 
between the managed codes can be calculated; the 
algorithm provides a good allocation of boxes that 
balances the unit loads and reduces the number of 
retrieves used to fulfil orders. 

Given [i1, …, iN] the single-code boxes to be stored, the 
solution is formalized as a list of length N+M in which 
each box occupies one only position and where [j1, …, jM] 
are the dummy boxes. Dummy boxes are codeless and 
zero-weight boxes, which represent the compartments 
that will remain empty even after the filling procedure. The 
evaluation of the solution is done by iterating the list of 
unit loads in stock [U1, ..., Uk], keeping a pointer p on the 
solution. At first p is set equal to 0. For each unit load, 
given v the number of its empty compartments, elements 
of solution whose position is within the range [p, p+v), will 

be allocated in the unit load considered. Then p=p+v and 
next unit load is considered. A representation of solutions 
interpretation is given in Fig.2. 

 

Figure 2: Representation of solutions interpretation. 

Each unit load has a fitness value that considers its balance 
and the correlation between the codes within it. The 
overall fitness of the solution is given by the average 
between fitness of the single unit loads. The fitness f of 
each unit load is calculated by the Eq.1, where B is its 
balancing index, C its correlation index and α and β are 
weights empirically attributed whose sum is 1. 

𝑓 = 𝛼 ∙ 𝐵 + 𝛽 ∙ 𝐶                                                       (1) 

Defined φ the unbalance of the box, the index of 
unbalance B is a value included in the range (0, 1] and it is 
calculated with the Eq.2. The higher value of B, the more 
balanced unit load is. 

 𝐵 = 𝑎−𝜑                                                                      (2) 

In Eq.2 a is a scalar calculated with Eq.3 in such a way that, 
for the maximum unbalance φmax the index is equal to a 
very small value ε close to zero. 

𝑎 = √1
𝜀

𝜑𝑚𝑎𝑥
                                                                (3) 

The unbalance of the unit load is calculated with a formula 
that fits well whatever the number of compartments and 
whatever their arrangement. In the proposed model, the 
compartments assigned to each unit load are considered, 
however, it is not considered how they will be arranged 
inside it to ensure effective balancing. The solution could 
be a specific program which considers the centre of gravity 
of the unit loads and their geometric characteristics, 
however, this is not treated for the purposes of this paper. 
The unit loads’ unbalance φ is the sum of absolute 
differences between each compartment’s weight and the 
average weight of the unit load. Given P compartments 
within a unit load, [s1, ..., sP], ws the weight of a compartment 
and μ the average weight of the load unit, the unbalance is 
calculated with Eq.4. 

𝜑 = ∑|𝑤𝑠 − 𝜇|
𝑃

𝑠=1

                                                      (4) 

The maximum unbalance φmax is calculated using Eq.5 and 
it can be obtained in the worst case, when a single 
compartment is enough to saturate the capacity of the unit 
load W, and all other compartments must be empty.  

Unit load

Compartment 1 Compartment 2 Compartment P

Box 1 Box 2 Box P

- Item 1
- Item 2
- Item 3
- ……..

- Item 1
- Item 2
- Item 3
- ……..

- Item 1
- Item 2
- Item 3
- ……..

unit loads list

solution E G A B F C I D H

# empty compartments

UL1 UL3UL2

4 32
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𝜑𝑚𝑎𝑥 = (𝑊 − 𝜇) + 𝜇(𝑃 − 1)                               (5) 

For the correlation between codes, well known correlation 
coefficient by Pearson r has been used. However, while the 
value of r between two perfectly correlated codes would 
be 1, in our model this value is set to 0. This is necessary 
to avoid single-code unit loads, which, in case of small 
retrieves to which VLMs are often subjected, would slow 
down the picking. For the calculation of C, a sigmoid 
function as in Eq.6 is used, where  is the correlation 
inside the unit load  

𝐶 =
1

1 + 𝑒−𝑏ρ                                                         (6) 

In Eq.6, the scalar b is calculated using Eq.7 to make sure 
that for the maximum correlation max, value of C is equal 
to a value θ close to 1. Please, note that, because of the 
symmetry of sigmoid function, inserting b in the sigmoid, 
if for =x is returned a value of C equal to y, automatically, 
for =-x, value of C is equal to 1-y.  

𝑏 =  
ln (1

𝜃 − 1)
𝜌𝑚𝑎𝑥

                                                    (7) 

The correlation within a unit load is the sum of the 
correlations between its codes, calculated considering each 
pair of compartments only once. Given [s1, ..., sP] 
compartments within the unit load and rij the correlation 
coefficient between the codes contained in the 
compartments si and sj, the correlation within the unit load 
can be calculated with Eq.8. Knowing that the maximum 
value of the correlation coefficient between two variables 
is 1, the maximum correlation obtainable can also be easily 
calculated using Eq.9. 

𝜌 = ∑ ∑ 𝑟𝑖𝑗

𝑃

𝑗=𝑖+1

𝑃−1

𝑖=1

                                                   (8) 

𝜌𝑚𝑎𝑥 = 1 ∙
𝑃(𝑃 − 1)

2
                                            (9) 

3.Algorithm 

The algorithm proposed is a meta-heuristic known as 
Genetic Algorithm (GA) (Mayer et al., 1999). However, 
some expedients have been taken to ensure a correct 
implementation. First, before the algorithm starts, as many 
completely empty load units (i.e. they consist exclusively 
of dummy boxes) as possible are built using a constructive 
procedure. The built boxes are frozen and inserted in what 
will be the final solution, and they will no longer be subject 
to any modification. Then, given N the number of boxes 
to allocate, the number of possible solutions is equivalent 
to N!. For this reason, when the number of boxes is too 
high, the number of solutions explored by a normal GA in 
an acceptable computational time would be too small and 
insufficient to find an acceptable local optimum solution. 

Because of this, the following consideration is made: if the 
number of boxes to allocate is lower than a threshold a 
simple genetic algorithm is executed (Procedure-Y); 
otherwise, a different procedure (Procedure-Z) is used. In 
Fig.3 the Procedure-Y is represented.  

 
Figure 3: Procedure-Y 

As it happens in every GA, once defined the number of 
eras and the number of solutions G in initial population, 
for each era three phases are performed: crossover, 
mutation and selection. These three phases are 
subsequently described in more details.  

Procedure-Z is a constructive greedy procedure. First, a 
fitness threshold value T is defined to identify which unit 
loads are acceptable and which are not. Until the final 
solution has been built, the genetic is executed more times 
and, each time, observing the best returned solution, the 
unit loads whose fitness value f exceeds the threshold T, 
are inserted in the final solution. Every time the number 
of accepted unit loads is zero, the threshold T is decreased 
by a predefined value 𝝙. The procedure is performed 
cyclically until the final solution is completed. Procedure-Z 
is described in Fig.4. 

3.1. Crossover 

The crossover is a procedure, inspired by the crossing 
between chromosomes, according to which solutions in 
current population (parents) generate new solutions 
(children), which will share partial common traits with their 
originating parents. In proposed algorithm, the number of 
solutions generated by crossover (children) is equal to the 
number of solutions in starting population (parents). The 
parents are coupled two by two and starting from them, two 
children are generated. Each solution of the starting 
population can be coupled only once.

L = List of boxes to allocate

Build as many as possible empty 
unit loads 

Set Era = 0

Generate an initial completely 
random population of solutions

Crossover

Mutation

Selection

Is Era equal to maximum 
decided?

Era = Era + 1

Return best solution

No

Yes
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Figure 4: Procedure-Z

Parents selection is made using a method known as 
roulette wheel selection adopted, for example, by Quyen 
et al. (Quyen, Chen and Yang, 2017). Roulette wheel 
selection assigns to each parent a probability to be chosen 
proportional to its fitness, which, given G the population 
size, is calculated by using Eq.10. 

 𝑝𝑟𝑜𝑏𝑎𝑏𝑖𝑙𝑖𝑡𝑦 =
𝑓

∑ 𝑓𝑖
𝐺
𝑖=1

                                           (10) 

This makes it more likely that the best solutions will mate 
together. 

Children generation is made using a procedure frequently 
adopted in literature to solve scheduling problems 
(Murata, Ishibuchi and Tanaka, 1996), which is 
represented in Fig.5. Two random numbers q1 and q2 are 
generated to define the cutting points. By convention, a 
parent is identified as the father, the other as the mother. 
The solution that represents the son will be identical to the 
father from its beginning until q1 and from q2 until the end. 
The elements in the middle will be inserted into the 
solution in the same order as they appear in the mother 
solution. Vice versa, it happens for the daughter. 

 
Figure 5: Crossover representation 

Selection of cutting points q1 e q2 does not happen with 
uniform probability, instead, a triangular distribution is 
used. The triangular distributions used for q1 and q2 
selection have mode respectively centred on 1/3 and 2/3 
of the solution length. The distribution used for q1 goes 
from 0 to 2/3 of solution length and the distribution of q2 
goes from 1/3 of solution length till 3/3 of solution 
length. If q2 results smaller than q1, they are switched. In 
this way, each child is on average for 2/3 of its length equal 
to one of parents, to guarantee a neighbour search instead 
of a random generation of new different solutions. 
Probability distribution for cutting point choice is 
represented in Fig.6. 

 
Figure 6: Probability distribution for deciding cutting 

points 

3.2. Mutation 

The mutation prevents the algorithm to be stuck on local 
optima (Gracia, Andrés and Gracia, 2013). The mutation 
consists of a little modification of the new solution 
obtained by crossover. Each time a new solution is 
generated, a random number is generated too. If the 
random number is lower than the mutation probability pM, 
a mutation takes place. As Mayer et al. (Mayer et al., 1999) 
already said in 1999, the mutation probability must be very 
low to prevent the procedure from turning into a random 

L = List of boxes to allocate;
A = List of unit loads in warehouse

Set Era = 0

Generate an initial completely random population of solutions

Crossover

Mutation

Selection

Is Era equal to maximum 
decided?

Era = Era + 1

Return best solution

No

Yes

Build as many as possible empty 
unit loads and insert them in 

final solution

T = threshold of acceptance for 
unit loads

Select unit loads whose fitness 
value f  is bigger than T and 
insert them in final solution

If the number unit loads inserted 
in final solution is equal to zero, 

T is reduced.
T = T -   

Is final solution completed? No

Yes

Return final solution

END

father

mother

son

father

mother

daughter

B D E H A I F C G

B D E H A I F C G

E G A C B F I D H

E G A C B F I D H

q1 q2

B D E A I H F C G

E G A B F C I D H

0

0,01

0,02

0,03

0,04

0 10 20 30 40 50 60 70 80 90 100

Pr
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Length of the solution 

First cutting point Second cutting point
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generation of solutions. In the proposed algorithm the 
mutation occurs by selecting two random load units of the 
solution according to uniform probability. What happens 
is an exchange of two compartments between the two 
selected load units. The selection of the compartment 
inside each box is done according to uniform probability, 
too. An example of mutation is given in Fig.7. 

 

Figure 7: Mutation representation 

3.3. Selection 

The selection criteria used in literature are numerous. The 
one used in the proposed algorithm is very simple. First, 
the children solutions where the weight of at least one of 
the load units exceeds their capacity (not-acceptable solutions) 
are eliminated. Conversely, there is no control of clones 
(children identical to parents), indeed, during the tests, the 
number of clones generated was always zero or 
insignificant. For this reason, no procedure for modifying 
or eliminating clones is carried out. 

After purging not-acceptable solutions, the new 
population is built up. New population is made up of 50% 
of the best parents and 50% of the best children. This 
selection criterion, as well as being easy to implement, 
guarantees, in case some discarded parents were better 
than some selected children, the acceptance of worse 
solutions, thus helping the algorithm to avoid being stuck 
on local optima. As mentioned above, it may happen that 
some of the children generated are eliminated because not 
acceptable. If the number of children is not enough to 
make up 50% of the new population, the ratio between 
parents and children in the new population will be 
unbalanced, but always ensuring that the number of 
solutions is equal to that of the previous population. 

4.Case study and results 

For its validation, the algorithm has been coded in Java 8 
and simulation was run on an Intel-based computer with 
3.60 GHz and 8 Gb of RAM. Firstly, the two procedures 
have been compared each other in case of equal 
conditions. The objective of comparison was to find a 
criterion for automatically deciding the better procedure at 
each run of the algorithm. As shown in Fig.8, it has been 

verified that as the number of boxes to be allocated 
increases, the Procedure-Z allows to reach better values of 
objective function. However, the computational times of 
the Procedure-Z are longer. While the computational time of 
Procedure-Y was ranging between 0.5 and 1 seconds 
depending of boxes number, the average computational 
time of Procedure-Z was always close to 2 seconds. 
Because of this, it is convenient to use the Procedure-Y until 
it provides an acceptable solution. Empirically, it was 
observed that with a number of compartments to be filled 
equal to 96, although the number of possible solutions is 
already very high, Procedure-Y was still providing an 
acceptable objective function value. In Fig.9 it is possible 
to observe the trend of the objective function when the 
Procedure-Y was tested with 96 compartments to be filled. 
Please, note that in the graphs in Fig.8 and Fig.9 the value 
1 does not refer to the global optimum of the problem, 
but to a reference value that contemplate the case in which 
there is perfect balance and the correlation inside each unit 
loads is maximum. 

 

Figure 8: Procedures compared 

 

Figure 9: Objective function’s trend using Procedure-Y for 
storage of 96 boxes 

Subsequently, for testing both procedures against a real 
case study, two different vertical lift modules sold by a 
company we collaborate with were used. Due to privacy 
concerns we are not able to disclose much details, however 
we can say that both the warehouses are simple vertical lift 
modules like the one described in section 2, and each one 
is composed by two vertically arranged single-deep storage 
racks. In the aisle between racks a lift for unit loads 
transport is moving. The lift can deal with just a unit load 
at a time and there are no buffers to take next unit load 
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closer to the I/O point while the operator is doing picking. 
The company which owns the warehouses is operating in 
steel sector and fills them on average every three weeks 
with metal bars and metal object in general. Different 
periods of three weeks have therefore been studied, 
comparing the results provided by the proposed algorithm 
with those taken from the Warehouse Management 
System (WMS). Each period was independently studied, 
i.e. before filling, the current situation of the warehouse in 
the simulation model was always made identical to the real 
warehouse. Moreover, it has not been possible to study 
consecutive periods. The comparison was made by 
simulating the same retrieving orders registered in the 
WMS, and by observing the balance of the unit loads and 
the number of retrieves during the period to fulfil the 
picking orders. The algorithm adopted for location 
assignment in retrieving phase is the following: (i) order 
lines are sorted for quantity required (to each order line 
corresponds a specific code); (ii) the first not fulfilled order 
line is selected; (iii) the unit load closest to I/O point 
which store that code is retrieved; (iv) all the order lines 
which can be fulfilled picking from the retrieved unit load 
are fulfilled; (v) mentioned steps are repeated until the 
order has been fulfilled. Concerning the VLMs used for 

testing, the smaller one had the capacity to stock 100 
compartments (24 unit loads, arranged on 13 levels, with 
4 compartments per each), and it was used to test Procedure-
Y. The other warehouse had a capacity of 360 
compartments (90 unit loads, arranged on 46 levels, with 
4 compartments per each) and it has been used to test the 
Procedure-Z. In the tests, empirical parameters α and β of 
objective function were set equal to 0.35 and 0.65, and 
mutation probability equal to 0.05. 

Results concerning the first warehouse are reported in 
Tab.1, while results concerning the second 
implementation case are reported in Tab.2. In both tables, 
each row represents a different test, and, moving from left 
to right, in columns are reported: (i) the test number, (ii) 
the warehouse saturation before filling, (iii) number of new 
boxes to stock, (iv) average unbalance provided by 
currently implemented algorithm, (v) number of retrieves 
made to satisfy orders occurred before next filling due to 
allocation provided by currently implemented algorithm, 
(vi) average unbalance provided by algorithm proposed in 
this paper, (vii) number of retrieves made to satisfy orders 
occurred before next filling due to allocation provided by 
proposed algorithm. 

Table 1: Results in case of Procedure-Y 

Test Warehouse’s 
starting 
filling 

Boxes to 
allocate 

Average 
unbalance 

[kg]  

(real VLM) 

#Retrieves 
(real VLM) 

Average unbalance 
[kg] 

(proposed 
algorithm) 

#Retrieves  

(proposed algorithm) 

1 24% 75 ~727 816 211 766 

2 4% 96 ~583 972 169 927 

3 30% 51 ~599 459 152 473 

4 15% 79 ~775 1153 193 1084 

5 2% 96 ~353 1142 180 1007 

6 4% 91 ~395 1047 161 904 

Table 2: Results in case of Procedure-Z 

Test Warehouse’s 
starting 
filling 

Boxes to 
allocate 

Average 
unbalance 

[kg] 

(real VLM) 

#Retrieves 
(real VLM) 

Average unbalance 
[kg] 

(proposed 
algorithm) 

#Retrieves 

(proposed algorithm) 

7 10% 163 ~572 1743 136 1740 

8 18% 160 ~571 1662 149 1544 

9 23% 180 ~631 1310 142 1441 

10 24% 201 ~696 1536 203 1459 

11 35% 232 ~607 1410 198 1429 

12 48% 184 ~636 1623 127 1557 

13 29% 256 ~682 1829 97 1778 

14 2% 350 ~731 2025 148 2047 
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We clarify that average unbalance, even in the real case, 
was calculated using the Eq.4. The results are satisfactory, 
although the allocation suggested by the Procedure-Z 
sometimes requires more retrieves than those provided by 
the program currently implemented in the WMS. 
However, the error can be due to the variability of the 
demand. 

5.Conclusions 

In this paper, a procedure for allocating items inside a 
warehouse is presented. The procedure considers two 
aspects rarely considered in literature such as unit loads’ 
balance in terms of weight and demand correlation 
between different codes. The algorithm adopted is a 
Genetic Algorithm (Procedure-Y), although, when the 
number of possible solutions increases, results of genetic 
are not enough; because of this, an alternative constructive 
procedure (Procedure-Z) is also proposed in this paper. The 
two procedures have been compared each other and then 
compared with the performances of real warehouse. 
Results are satisfying; however, further improvements 
could be studied: (i) improvement of Procedure-Z, (ii) 
replacement of correlation coefficient with an index which 
considers not just the correlation between codes but also 
the quantity required. 
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