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Abstract: This paper deals with analytical models of manufacturing serial lines where adjacent line stages (i.e. 
machines or work-stations) are decoupled by a finite buffer. Specifically, the aim is to take into account the 
inherent uncertainty arising from unpredictable, or predictable but not constant, disruptions of the 
manufacturing process. As regards production lines, since times to failure and times to repair can generally be 
assumed to be exponentially (or geometrically) distributed, Markov process models are suitable for 
performance assessment. On the other hand, Bernoulli process models are more appropriate in case of 
assembly lines.  This work discusses some of the most popular Markov and Bernoulli models of 
manufacturing lines; then, an interesting extension, called “restart policy”, is presented. The new models with 
restart policy can be applied to a number of industrial production and assembly systems when it is important 
to reduce the probability of blocking events. 
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1. Introduction 

Since many years, the modelling of manufacturing systems 
is a great challenge for researchers and professionals. 
Specifically, this paper focuses on serial manufacturing 
lines. The aim is to analytically model the uncertainty 
arising in both production and assembly lines as a 
consequence of stochastic phenomena, such as failures 
and delays, and as a consequence of the interactions 
among the line components. 

Production lines consist of series of machines operating at 
a predefined processing rate. Since such a configuration is 
commonly adopted when high demand volumes and 
process repetitiveness have to be assured, the machines 
are generally highly automated equipment. On the other 
hand, serial assembly lines are made up of adjacent work-
stations where operators execute assembly tasks on work-
in-progress. In the sequel, we refer to either a machine in 
a production line or a work-station in an assembly line as 
a line stage. We assume that work-in-progress flows 
through the different line stages in a predefined and rigid 
sequence. Failures or delays may occur at each stage of the 
line. 

As regards production lines, the performance is hugely 
related to the reliability parameters of the involved 
machines. We assume that, in this case, uncertainty is due 
to unpredictable failures (e.g. jamming events) producing 
unwanted stop events and causing the need for manual 
interventions to restore the operational state of the 
machines that have failed. On the other hand, the 
performance of assembly lines depends on the probability 
that any manual workstation is able to produce a part 

during a certain time step. This probability is less than 1 
owing to human factors such as operator’s emotion, 
motivation, skill level and experience. As a consequence, 
in this case also, a stochastic approach is necessary. 

Both in production lines and in assembly lines a stoppage 
occurring on a specific line stage (machine or work-
station) can propagate its effects to the other stages 
located both in the upstream and in the downstream. We 
refer to a “starvation” when an operational machine or 
workstation is found in idle state as a consequence of an 
interruption of its incoming flow, and to a “blockage” 
when its outgoing flow is prevented. Hence, the efficiency 
of the whole system is not only related to the reliability of 
the single line stages, but also to the interactions among 
them. In order to limit the negative effects of such 
interactions, buffers can be positioned along the line by 
decoupling adjacent stages.  

Given the random nature of the phenomena involved in 
the behaviour of such manufacturing systems, a stochastic 
approach is needed to obtain a good estimate of the 
system efficiency. Specifically, in further sections we 
consider two kinds of analytical approaches, i.e. Markov 
approach, more appropriate for production lines, and 
Bernoulli approach, that can be applied in case of 
assembly lines. 

Moreover, this paper discusses the introduction of a 
specific control policy, called “restart policy”, in 
production/assembly lines. Briefly, the restart policy 
forces the first line stage to remain idle each time the 
buffer fills up until it is once again empty. The aim of such 
a control policy is to reduce the occurrence of blocking 



events. Thus, it could be conveniently adopted if outage 
costs are incurred when production is interrupted. 

Section 2 presents a literature review on Bernoulli and 
Markov models, in Section 3 the introduction of the 
restart policy into 2-stage 1-buffer lines is discussed, 
Section 4 and 5 describe, respectively, the new Markov 
and Bernoulli models with restart policy, in Section 6 
some numerical results are provided and two analytical 
approaches compared. Section 7 draws some conclusions. 

2. Literature review on Bernoulli and Markov models 

A Markov process is a stochastic process in which the 
future behaviour depends only on the present and not on 
the past. Several studies have been undertaken in recent 
years to apply Markov models to serial production lines in 
order to analytically assess the performance of such 
systems. This is possible by assuming geometrically or 
exponentially distributed times between failures and times 
to repair, i.e. by considering them as they were memory-
less processes. For extensive reviews, the reader may refer 
to Dallery and Gershwin (1992) and textbooks as 
Papadapoulos et al. (1993) and Gershwin (2002). 
Unfortunately, Markov models can be difficult to treat 
because of their large state space. As a consequence, exact 
solutions are available for short lines only. Nevertheless, 
approximate methodologies have been developed to 
address long line performance estimation. One of the 
most widely adopted technique, called “decomposition”, 
is based on a representation of a line made up of k 
machines and (k-1) buffers by means of (k-1) two-
machine one-buffer subsystems. In years, further 
extensions have been developed to include specific 
aspects for both the two-machine one-buffer sub-system 
models and the decomposition technique. Some 
interesting works are Gershwin and Burman (2000) 
(addressing asynchronous and non-homogeneous lines), 
Yeralan and Tan (1997), Maggio et al. (2003), Gershwin 
and Werner (2007), Tolio et al. (2002), and Kim and 
Gershwin (2005). 

While in production lines the downtime is due to machine 
breakdowns and is, typically, much longer than the cycle 
time, in assembly lines most interruptions are quite short 
and comparable with the cycle time. Thus, if machine 
reliability is often modelled by a Markov process (as 
explained above), workstations in assembly lines can be 
assumed to obey the Bernoulli reliability model, i.e., a part 
is produced in a cycle time with a fixed probability and 
fails to do so with the complementary probability. For 
further information on Bernoulli models the reader may 
refer to works such as Lim and Meerkov (1993), Chiang et 
al. (2000), Li and Meerkov (2001). 

3. Introduction to a Restart Policy  

As shown in the previous section, several studies 
concerning stochastic modelling of production/assembly 
lines have been produced in the literature. Nevertheless, in 
all of these works, reliable buffers are considered to run 
without any kind of control, that is, they can accept 
material if they are not full and they can release material if 

they are not empty. Hence, the line stage in the immediate 
upstream of the buffer is allowed to discharge material 
each time the buffer is not full, while the line stage in the 
immediate downstream is allowed to withdraw material 
each time the buffer is not empty. On the contrary, in this 
study we discuss the introduction of a restart policy on the 
first line stage in order to reduce its blocking frequency. 

The motivation of this work arises from the behaviour of 
some kind of industrial manufacturing systems involving 
outage costs when production is interrupted. The outage 
cost is typically related to the particular technological 
process machines execute. An interesting example can be 
found in Automatic Carton Packaging Lines in the 
beverage industry, in which package formation and filling 
is executed by the so-called filling machine (the first 
machine in a typical line configuration). The critical aspect 
implied by this behaviour is the production of a certain 
amount of waste (i.e. products of non-standard quality) 
when the filling machine resumes production after any 
stop event.  

While the reduction of internal failures/delays can be 
obtained only directly acting on the stoppage rate of the 
line stage (i.e. the failure rate of a machine or the task 
schedule of a workstation), a reduction of those stop 
events due to the outgoing flow being blocked can be 
obtained by adding a buffer in the immediate downstream 
and by introducing a proper control policy. 

Specifically, in the present work, we assume that the line 
stage affected by outage costs is the first one in a two-
stage one-buffer sub-system. The control policy we focus 
on is referred as “restart policy” and acts as follows: each 
time the first line stage gets blocked because its outgoing 
flow is interrupted (the buffer is full and the subsequent 
stage is down), it is put into the so-called “forced idle 
state”, i.e. it is forced to remain idle even when the buffer 
level starts to decrease. The “forced idle state” on the first 
line stage persists until the buffer empties again. The aim 
of such a restart policy is to reduce the probability of a 
further blockage of the first machine if the downstream 
machine fails again when the buffer level is still high, i.e. 
the actual accumulation capacity is still low. This might 
reduce waste production.  

Such a restart policy was first introduced by Gebennini et 
al. (2011b) in the discrete time Markov model of a two-
machine transfer line. Then, the model was extended to 
the case of inhomogeneous asynchronous two-machine 
lines (see Gebennini et al. 2011a).  

For the sake of simplicity, this paper addresses the 
modelling of discrete-time systems, i.e. systems in which 
the lengths of time that parts spend in the line stages are 
fixed, known in advance and the same for all the stages. 
Specifically, we discuss the effects of the restart policy 
described above on both a 2-machine 1-buffer production 
line (Markovian line), by recalling the results by Gebennini 
et al. (2011b), and a 2-workstation 1-buffer assembly line 
(Bernoulli line). Note that Bernoulli models with restart 
policy are first addressed in this paper. 

 



4. Restart Policy in Markov models 

Markov models are typically used for describing 2-
machine 1-buffer production lines. 

4.1 General assumptions 

Firstly, let us consider the simplest discrete-time Markov 
model of a two-machine one-buffer line without any 
control policy. In this case, the system state is defined by 
three elements: the buffer level n, the condition of the first 
machine α1 and the condition of the second machine α2. 
Specifically, the condition αi of machine i with i=1,2 is set 
to 1 if the machine is operational and to 0 if it is under 
repair.  

The main assumptions are as follows: 

1. The two machines are decoupled by means of a 
single finite buffer of capacity N; 

2. The second machine is starved if the buffer is 
empty. The first machine is blocked if the buffer 
is full; 

3. The two machines have equal and constant 
service times. Time is scaled so that this machine 
cycle takes one time unit. All operating machines 
start their operations at the same instant; 

4. The buffer gains or looses at most one piece 
during a time unit; 

5. The failures are assumed to be operation-
dependent so as a machine may fail only if it is 
processing a part; 

6. Workpieces are not destroyed or rejected at any 
stage in the system; 

7. The model is studied in its steady state; 
8. Both the machines have geometrically 

distributed times between failures and time to 
repair: the constant parameters pi and ri represent 
the failure and the repair probability of machine 
i, respectively, with i = 1,2; 

9. Repairs and failures occur at the beginnings of 
the time units, and changes in the buffer level 
take place at the end of the time units. 

The aforesaid assumptions hold for the model with restart 
policy as well, as described in the sequel. 

4.2 Model with restart policy 

If a restart policy is adopted on the first machine the 
whole state space can be split into two partitions 
corresponding to two Markovian behaviours, as described 
in details in Gebennini et al (2011a). The two state 
partitions are as follows:  

- Standard operation partition. In this set of states, the 
buffer level varies according to the behaviour of 
the two machines until the buffer fills (as a 
consequence of a failure of the second machine). 
Once the maximum buffer level n=N is reached, 
the system remains in this partition until the 
second machine is repaired. At that time it 
moves into the next partition. 

- Buffer drainage partition. This set of states is 
entered when the buffer is at level n=N and the 
second machine is repaired. At that time, the 
first machine is placed into a “forced idle” state; 
that is, it is prevented from processing parts and, 
as a consequence, it cannot fail. The buffer level 
begins to decrease as long as the second machine 
remains operational; if the second machine fails, 
the buffer level remains constant, until the 
second machine is repaired and the buffer level 
once again begins to decrease. The system 
remains in this partition until the buffer becomes 
empty. 

The system state at any time can be now defined as 

S = (β,n,α1,α2) (1) 

where β equals 1 if the system is into states belonging to 
the standard operation partition, 0 if it is into states of the 
buffer drainage partition. The parameters n, α1, α2 are the 
same as in the model without restart policy (see Section 
4.1). 
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Figure 1. Markov process: 2-machine 1-buffer line with 

restart policy. 

Since a discrete-state discrete-time Markov process can be 
conveniently represented with a direct graph, it could be 
useful to refer to the state transition graph depicted in 
Figure 1.  The system states are represented by means of 
grey cycles (the buffer level is along the vertical direction 
and the possible combinations of machine conditions 
along the horizontal direction) while the arrows 
corresponds to the possible transitions from any state to 
another one. Note that some states are drown as dashed 
cycles. In Figure 1 the whole Markov process is divided 
into the two partitions discussed above (note that states of 
the buffer drainage partition depend on α2 only since the 
first machine is in the “forced idle state”, i.e. α1 is always 
set to 1). The switching from the standard operation 
partition to the buffer drainage partition occurs when the 
system is in state (1,N,1,0) and the second machine is 
repaired. Thus, the system gets state (0,N-1,1,1). Since a 
repair of the second machine must occur for the switching 
to happen, the probability of the transition is r2. On the 
other hand, the switching from the buffer drainage 
partition to the standard operation partition occurs when 



the system is either in state (0,2,1,0) and the second 
machine is repaired (i.e. with probability r2) or in state 
(0,2,1,1) and the second machine does not fail (i.e. with 
probability 1-p2). Thus, state (1,1,1,1) is achieved.  

In order to analytically solve the kind of process described 
in Figure 1 a partitioning procedure, described in details in 
Gebennini et al. (2011a), is applied. Under the assumption 
of studying the system at its steady state, the procedure is 
based on the principle that the probability of entering any 
partition must equal the probability of exiting that 
partition. Thus, it is possible to mathematically treat the 
two partitions separately, i.e. study each partition in 
isolation (as it were the only one constituting the whole 
system space) as depicted in Figure 2. Once the two 
resulting Markov chains are solved separately, the system 
solution is found as a combination of the independent 
solutions weighted on the partition probabilities (the 
probability of finding the system in a certain partition). 
Formally, the probability of finding the system in state 
(β,n,α1,α2) is 

p(β,n,α1,α2)= β πs ps(n,α1,α2) + (1-β)πb pb(n,1*,α2), (2) 

where ps(n,α1,α2) is the probability of a state belonging to 
the standard operation partition in isolation, pb(n,1*,α2) is 
the probability of a state belonging to the buffer drainage 
partition in isolation, πs and πb are the probabilities of the 
system being into the standard operation partition and the 
buffer drainage partition, respectively.  
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Figure 2. Isolation procedure of a Markov process. 

Given the expression of the probability of any state by (2), 
it is possible to compute the blocking probability pb, i.e. 
the probability of the first machine being blocked since 
the buffer is full and the second machine down, and the 
starvation probability ps, i.e. the probability of the second 
machine being starved since the buffer is empty and the 
first machine down. So, 

pb = p(1,N,1,0),   ps = p(1,0,0,1) . (3) 

Let us define the isolated efficiency of machine i, ei, as the 
probability that the machine is operational (αi=1), i.e. that 
it produces a part if it were not included into a serial line. 
Thus, ei=ri/(ri+pi). The efficiency of machine i into a serial 
production line, denoted as Ei, is the probability that 
machine i is operational and not blocked or starved. Recall 

that the first machine is never starved and the second 
machine is never blocked by assumption, so, 

E1= e1(1-pb),    E2= e2(1-ps) .  (4) 

It can be proved that at the steady state E1 equals E2 and 
this value, denoted simply as E, represents the efficiency 
of the whole line 

5 Restart Policy in Bernoulli models 

Bernoulli models can be used for describing 2-workstation 
1-buffer assembly lines. 

5.1 General assumptions 

According to the Bernoulli reliability model the 
probability that machine i (with i=1,2) produces a part 
during a time step is ρi and that a machine fails to do so is 
1−ρi. Other general assumptions are assumptions (1)-(7) 
introduced for the Markov models discussed in Section 
4.1. 

5.2 Model with restart policy 

Similarly as in Section 4.2, two partitions of states, i.e. the 
standard operation partition and the buffer drainage 
partition, can be identified when a restart policy is adopted 
on the first line stage (a workstation in this case).   

The states of the system coincide with the states of the 
buffer in each of the two system partitions. Thus, the state 
space consists of N points (0,1, . . . ,N−1) for the standard 
operation partition plus N points (N,N −1, . . . ,1) for the 
buffer drainage partition. The state transition diagram is 
shown in Figure 3 where the states are represented as grey 
circles. 

1 n

n N-1

N

N-1... ...

... ......

T'00

T'01

T'10
T' 'N N

T' '

T' 'T' 'iiT' '11

1

0

T'

T'11 T'ii T'

T' '01

Standard Operation Partition

Buffer Drainage Partition

(N–1) N

(N–1) (N–1) 

(N–1) (N–1) 

N (N–1) 

 
Figure 3. Bernoulli process: 2-workstation 1-buffer line 

with restart policy. 

The terms T'nm and T''nm in Figure 3 represent the 
transition probabilities in the standard operation partition 
and the buffer drainage partition, respectively, from state 
m to state n. T'nm and T''nm are related to the probabilities ρ1 
and ρ2, i.e. the probabilities that, respectively, the first and 
the second workstation is operational in each time step. 
As regards the standard operation partition, we can note 
that the system remains at a certain state n if either both 
the machines are down or both the machine are 
operational (the first machine adds a part in the buffer and 
the second machines takes one part out so that the buffer 
level does not change during the time step). If the second 
machine only is operational the buffer level decreases, if it 
is the first machine to be the only operational one the 
buffer level increases. Thus, for the standard operation 
partition we have 



T'nn  = ρ1 ρ2 + (1-ρ1) (1-ρ2) , (5) 

T'n(n+1) = (1-ρ1) ρ2 , (6) 

T'(n+1)n = ρ1 (1-ρ2) . (7) 

In the buffer drainage partition the first workstation is put 
in the “forced idle state”, i.e. it is prevented from 
processing parts. As a consequence, if the second 
workstation is operational the buffer level decreases, if the 
second workstation is down the buffer level remains at a 
constant value. More formally, we have 

T''nn  = (1-ρ2) , (8) 

T'' n(n+1) = ρ2 . (9) 

As in Section 4 about production lines, the partitioning 
procedure proposed in Gebennini et al (2011a) is here 
adopted to isolate the two partitions. The resulting 
transition diagram is shown in Figure 4. 
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Figure 4. Isolation procedure of a Bernoulli process. 

Let us denote the probability of the whole system being at 
a state n with n=0,1,…,N by p(β,n), where β equals 1 if 
the state belongs to the standard operation partition, 0 if it 
belongs to the buffer drainage partition. So, 

p(β,n) =β πs ps(n) + (1-β) πb pb(n),  (10) 

where ps(n) is the probability of state n belonging to the 
standard operation partition in isolation, pb(n) is the 
probability of state n belonging to the buffer drainage 
partition in isolation, πs and πb are the probabilities of the 
standard operation partition and of the buffer drainage 
partition respectively.  

Similarly as for the Markov model, we can compute the 
blocking probability pb for the first workstation (buffer 
full and second workstation down) and the starvation 
probability ps for the second workstation (buffer empty 
and first workstation down): 

pb = (1-ρ2) p(0,N),  ps = (1-ρ1) p(1,0) . (11) 

At the steady state, the efficiency of the whole line can be 
expressed by focusing on either the first or the second 
workstation. If we consider the first workstation, the line 
efficiency E can be computed as the probability that the 
first machine is up and not blocked. So, 

E = ρ1 [1 - (1-ρ2) p(0,N)] . (12) 

 

5. Numerical Results 

In this section the two-machine one-buffer Markov model 
and the two-workstation one-buffer Bernoulli model are 
compared. Note that, in order to provide an effective 
comparison, the isolated efficiency ei of the machines in 
the Markov line should be equal to the probability ρi of 
the corresponding workstations being operational in the 
Bernoulli line. For the sake of clarity, we suppose to 
consider identical machines/workstations in both the 
models. Specifically, we consider a Bernoulli line with 
ρ1=ρ2=0.8. The efficiency of this line, given by (12), over 
the buffer capacity N, where N varies from 5 to 80, is 
represented by the thick solid curve in Figure 5. The other 
curves shown in the same figure correspond to three 
Markov lines where all the machines have an isolated 
efficiency ei=0.8: Markov line 1 (dash-dot curve) with 
r1=r2=0.35 and p1=p2=0.0875; Markov line 2 (dashed 
curve) with r1=r2=0.5 and p1=p2=0.125, Markov line 3 
(solid curve) with r1=r2=0.95 and p1=p2=0.2375. Note 
that, even if the isolated efficiency of the machines is the 
same for all the three Markov lines, their behaviour is 
different. This is especially true for low values of the 
buffer capacity (as N increases, the efficiency approaches 
a limit given by the isolated efficiency of the slowest 
machine). The different behaviour of the three Markov 
lines is a consequence of describing each machine by 
means of two parameters (i.e. two degrees of freedom, ri 
and pi) and not just a single parameter as occurs in 
Bernoulli models. Thus, Markov models are more flexible 
than Bernoulli models. As a result, Markov models are 
capable of describing a wider variety of situations and, 
among them, machines with long downtimes also. On the 
other hand, Bernoulli models are more appropriate for 
describing lines with machines having downtimes that are 
quite short and comparable with the cycle time. Note that 
such a behaviour is typically found in assembly lines. This 
result is demonstrated in Figure 5 showing that the 
efficiency of the Bernoulli line is closed to the efficiency 
of Markov line 3 (solid curve), i.e. a Markov line with the 
same isolated efficiency of the machines and ri≅1.  
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Figure 5. Markov vs. Bernoulli models. 

Let us now focus on the Bernoulli model of a two-
workstation one-buffer line with ρ1=ρ2=0.8. The model 
with restart policy and the model without any control 
policy are compared. Figure 6 and Figure 7 show the total 
efficiency and the blocking frequency as functions of 



buffer size N for both a line with restart policy (dashed 
curve) and a line without any control policy (solid curve).  
Note that the total efficiency for the line without restart 
policy is always higher than the line with restart policy. 
This is as expected, since the restart policy forces the first 
workstation to stop producing parts while the system is in 
the buffer drainage partition, reducing the total number of 
parts produced. However, the number of blocking events 
is reduced by adopting a restart policy. Thus, if an outage 
cost is assumed to be incurred at each stop event (as 
occurs in several manufacturing systems), the adoption of 
the restart policy could be convenient. 
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Figure 6. Bernoulli models with and without restart policy: 

line efficiency over the buffer size. 
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Figure 7. Bernoulli models with and without restart policy: 

blocking frequency over the buffer size. 

4. Conclusions 

In this paper some Markov and Bernoulli models for 
addressing the stochastic behaviour of production and 
assembly lines have been presented. Specifically, the 
effects of a restart policy on the first stage of 
manufacturing serial lines are discussed. 
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